We consider the evolution of domain walls produced during an anisotropic phase in the very early universe, showing that the resulting network can be very anisotropic. If the domain walls are produced during an inflationary era, the network will soon freeze out in comoving coordinates retaining the imprints of the anisotropic regime, even though inflation makes the universe isotropic. Only at late times, when the typical size of the major axis of the domain walls becomes smaller than the Hubble radius, does the network evolve rapidly towards isotropy.
I. INTRODUCTION
It is well know that the 'Hot Big Bang' model [1] , despite its numerous successes, is plagued by a number of 'initial conditions' problems, of which the horizon, flatness and unwanted relic ones are the best known. The standard way to solve them is to invoke an epoch of cosmological inflation [2] [3] [4] , a relatively brief period of exponential (or quasi-exponential) cosmological expansion. The way inflation solves these problems is, loosely speaking, by erasing all traces of earlier epochs and re-setting the universe to a rather simple state. Indeed, inflation is so efficient in this task that a number of people have wondered if one can ever hope to probe the physics of a pre-inflationary epoch.
There are, however, a small number of possible preinflationary relics. For example, the recent work by Turok and collaborators [5] shows that curvature can, in some sense, survive inflation. Another class of inflationary survivors are topological defects [6] , formed at phase transitions either before or during inflation [7] [8] [9] ). It is known (see, e.g. [1, 3, 10] ) that one needs about 20 e-foldings of inflation 1 to solve the monopole problem. One can reverse the argument and say that monopoles can survive about 20 e-foldings of inflation. The inflationary epoch itself will obviously push the monopoles outside the horizon, but the subsequent evolution of the universe tends to make them come back inside, so if the inflationary epoch is not too long they can still have important cosmological consequences.
Cosmic strings are even more successful, being able to survive about 50 e-foldings. The reason for this difference is that their non-trivial dynamics [11] [12] [13] 10] makes them come back inside the horizon faster than one might naively have expected. The above two numbers are typical, but there are specific models where defects can survive even longer. One example is that of open inflation scenarios [14] . In this case the universe undergoes two different inflationary epochs-roughly speaking, a period of 'old inflation' followed by one of 'new inflation'. As pointed out by Vilenkin [15] , one can expect that defects will form between the two inflationary epochs. In this case, a collaboration [10] including the present authors has recently shown that not only will cosmic strings survive the entire second inflationary epoch, regardless of how long it lasts 2 , but they will in fact be back inside the horizon by the time of equal matter and radiation densities. In such models, monopoles can survive up to about 30 e-foldings. Now, given that defects seem to be so successful surviving inflation, and that one expects them to be frozen out while they are outside the horizon, one can think of a further interesting possibility. For the best-studied case of cosmic strings, it is well known that the scaling properties of the network depend on the background cosmology [11] [12] [13] . Moreover, in some cases (typically when their evolution is friction-dominated) they can retain a 'memory' of the initial conditions, or the general properties of the cosmology in which they find themselves at early times, for quite a large number of orders of magnitude in time [11, 13] . It is therefore conceivable that if such an imprint of an early cosmological epoch is retained by a defect network which manages to survive inflation, we might still be able to observe it today.
We believe that this is a general feature of defect models, and a number of non-trivial pieces of information about the very early universe can probably be preserved in this way. In the present paper we will restrict ourselves to a simple example. We will discuss the possibility of a domain wall network retaining information about an early anisotropic phase of the universe. There are very strong constraints [16] on the mass of domain walls formed after inflation, due to the fact that their density decays more slowly than the radiation and matter densities. However, these can be evaded by walls forming before or during inflation. In a subsequent paper, we will discuss the more interesting, but also more complicated, case of cosmic strings.
The plan of the paper is as follows. In section II we briefly describe the background cosmology and the evolution of the domain walls. Following this, we provide a description of our numerical simulations of domain wall evolution in section III. These are analogous to those of Press, Ryden & Spergel [17] , and the interested reader is referred to this paper for a more detailed discussion of some relevant numerical issues. Our main results are presented and discussed in section IV, and finally we present our conclusions and discuss future work in section V.
Throughout this paper we will use fundamental units in which c = 1.
II. EVOLUTION EQUATIONS FOR DOMAIN WALLS
We consider the evolution of a network of domain walls in a k=0 anisotropic universe of Bianchi type I with line element [18] :
where X(t),Y (t) and Z(t) are the cosmological expansion factors in the x, y and z directions respectively, and t is the physical time. The dynamics of a scalar filed φ is determined by the Lagrangian density,
where we will take V (φ) to be the generic φ 4 potential with two degenerate minima given by
This obviously admits domain wall solutions [6] . By varying the action
with respect to φ we obtain the field equation of motion:
where
with θ(t) =Ẇ /W and W (t) = XY Z. The dynamics of the universe is described by the Einstein field equations.
Here we shall seek perfect fluid solutions. The time component of the Einstein equation then becomeṡ
while the spatial components givė
with A =Ẋ/X, B =Ẏ /Y and C =Ż/Z, θ = A + B + C and k = 8πG/c 2 and i = 1, 2, 3. It is straightforward to combine equations (7, 8) to obtain:
In the following discussion we will make the simplification that X(t) = Z(t) (and therefore A = C) and consider the dynamics of the universe during an inflationary phase with ρ = −p = const. In this case H 2 ≡ kρ/3 = const and the Einstein field equations (7, 8, 9) imply:
while B can be found from the suggestive relation
Equation (10) has two solutions, depending on the initial conditions. If A i < H, then A is the smaller of the two dimensions and the shape of spatial hyper-surfaces is similar to that of a rugby ball. Then the solution is
with
is the larger of the dimensions and the shape of spatial hyper-surfaces is similar to that of a pumpkin. Then the solution is
Note that in both cases the ratio A/H tends to unity exponentially fast, and hence the same happens with the ratio B/A. In other words, inflation tends to make the universe more isotropic, as expected. An easy way to see this is to consider the ratio of the two different dimensions, D = B/A, and to study its evolution equation.
One easily findṡ
which has an obvious attractor at D = 1. Note that even though we have so far assumed (for simplicity) that p = −ρ, the same analysis can be carried out for an inflating universe with p = (γ − 1)ρ with γ = 0 by numerically solving the conservation equatioṅ
together with equations (8) and (9) . Indeed, the more general case will be relevant for what follows.
What about the evolution of the domain walls? Based on rather general grounds, we expect it to have a number of similarities with the much better studied case of cosmic strings [6] . In particular, one can define a 'characteristic lengthscale', which we shall denote by L, that can be roughly interpreted as a typical curvature radius or a correlation length of the wall network. It is also a lengthscale that measures the total energy of the domain wall network per unit volume, since we can define
where σ is the domain wall energy per unit area. Note that in a more rigorous treatment that allowed for the expected build-up of small-scale 'wiggles' on the walls (in analogy with what happens for the case of cosmic strings [13] ) each of these three length scales would be different. However, for our present purposes it is adequate to suppose that they are all similar. Then we can expect to find two different evolution regimes. While the network is non-relativistic, we expect it to be conformally stretched by the cosmological expansion, and hence
In this case there is essentially no dynamics. An extreme example of this regime happens during inflation We can see from eqn. (5) that due to the very rapid expansion which occurs in the inflationary regime the time derivatives of the field φ rapidly approach zero so that the network of domain walls will simply be frozen in comoving coordinates.
On the other hand, once the network becomes relativistic, one expects it to evolve in a linear scaling regime where
This is the case of 'maximal' dynamics, in the sense that the network is evolving (in particular, losing energy by wall collisions and reconnections) as fast as allowed by causality. We note that previous work of Press, Ryder and Spergel [17] suggest that there may be logarithmic corrections to this linear regime.
III. NUMERICAL SIMULATIONS
At late times (after the inflationary epoch) the universe is homogeneous and isotropic with A = B = C with the average dynamics of the universe being specified by the evolution of the scale-factor a(t). Then, it is useful for numerical purposes to re-write equation (5) as a function of the conformal time η defined by dη = dt/a. In this case equation (5) becomes
When making numerical simulations of the evolution of domain wall networks (or indeed other defects) it is also often convenient to modify the equation of motion for the scalar field φ in such a way that the comoving thickness of the walls is fixed in comoving coordinates. This is known as the PRS algorithm [17] , and it is generally believed not
In particular, the PRS algorithm artificially prevents the build-up of small-scale features on the domain walls (or, for that matter, any other defect). This turns out to be crucial for a quantitatively accurate description of their evolution, and hence for a reliable analysis of their observational consequences. For our purposes in the present work, however, the PRS algorithm is enough as an approximation to the true wall dynamics. In a subsequent, more detailed publication we shall compare results obtained using this algorithm with those from the true wall dynamics.
Having clarified this point, we will modify the evolution equation for the scalar field φ in the isotropic phase according to the PRS prescription:
where β 1 and β 2 are constants. We choose β 2 = 0 in order for the walls to have constant comoving thickness and β 1 = 3 by requiring that the momentum conservation law for how a wall slows down in an expanding universe is maintained [17] . We perform two-dimensional simulations of domain wall evolution for which ∂ 2 φ/∂z 2 = 0. These have the advantage of allowing a larger dynamic range and better resolution than tree-dimensional simulations.
We solve equation (21) numerically assuming a matterdominated Einstein-de-Sitter cosmology with a ∝ η 2 . We used a standard difference scheme second-order accurate in space and time (see [17] for a more detailed description of the algorithm and other related numerical issues).
The initial properties of the network of domain walls depend strongly on the details of the phase transition which originated them. It is conceivable that the initial network is already formed asymmetric with the walls being elongated along preferred directions. However, this is beyond the scope of the present paper. For our present purposes, we can ignore this possibility and assume that the initial domain wall network is statistically isotropic. This assumption will not modify the conclusions of the paper-if anything, any ab initio anisotropies would only enhance the effects we are describing.
Hence, we assume the initial value of φ to be a random variable between −φ 0 and φ 0 and the initial value ofφ to be equal to zero everywhere. We normalise the numerical simulations so that φ 0 = 1. We set the conformal time at the start of the simulation and the comoving spacing between mesh points to be respectively η i = 1 and ∆x = 1.
The wall thickness defined by
is set to be equal to 5. The kinetic energy of the field φ is calculated by
On the other hand, the rest energy of the walls is calculated by multiplying the comoving area of the walls, A, by the energy density per comoving area, which can be written as
with γ w = (1−v 2 w ) −1/2 , and v w is the value of the physical velocity of the domain walls. Finally the total area of the walls is defined as the area of the surfaces on which φ = 0 and is computed using the method described in ref. [17] .
IV. RESULTS AND DISCUSSION
In figure 1 we plot the evolution of the asymmetry parameter E = Y (t)/X(t) for several values of α i = log 10 (D i ) assuming γ = 0 and γ = 2/3 (note that γ = 2/3 is the maximum value of γ which violates the strong energy condition). We assume that the network at the initial time t i is statistically isotropic and we take X(t i ) = Y (t i ). We can see that depending on the initial degree of anisotropy, specified by α i , the value of E can grow to be very large, especially if D i is large. Moreover, although for γ = 0, the value of E becomes approximately constant in one Hubble time that does not happen so rapidly for inflating universes with larger γ. This removes the necessity of producing the domain walls right at the onset of the inflationary era.
It is also of fundamental importance to study the dynamics of the wall network at late times when the Hubble length is larger than the typical size of the major axis of a domain wall. A crucial issue will be the timescale required for the wall network to switch from the non-relativistic regime to the relativistic one. For the present purposes, the main difference between these two regimes is that a friction-dominated network can remain anisotropic if it froze out that way, whereas a relativistic network will rapidly become isotropic and erase any imprints from the earlier anisotropic phase. In our simulations we ignore the possibility that the network can be friction dominated due to particle scattering [13] when the domain walls come back inside the horizon-again, this would enhance the effects we are describing.
We consider three simulations with different initial conditions. In the first one (case I) we evolve the initial network generated in the manner specified in the previous section from the conformal time η i = 1. were specified by the network configuration of the previous simulation at the conformal time η * = 20, with the velocities reset to zero. This corresponds to starting with the network outside the horizon. Finally, the case III is similar to the second one but with the initial network of case II stretched in the y direction by a factor of E = 2 (see fig. 2 ), and corresponds to the anisotropic case. We have performed 1024
2 simulations for each of the three cases, plus an additional 2048 2 run of case I, in order to test for possible box effects.
For each run we plot (see fig. 3 ) the ratios A/V and Aη/V (note that A and V are the comoving area and volume, respectively), as well as the ratio of the kinetic and rest energies, as in Press, Ryden and Spergel [17] . These are plotted from the beginning of the simulation until the time when the horizon becomes one half (for the 1024 2 runs) or one quarter (for the 2048 2 run) of the box size. In addition, we plot a 'scaling coefficient' that we define, by analogy with the cosmic string case [11, 13] , as follows. Assume that
then what we plot is the 'instantaneous' or 'effective' value of λ as a function of conformal time. For a given λ, the physical network correlation L length will be evolving as
Note that λ can, in general, be a time-dependent quantity. However, for the two scaling regimes discussed above, we expect it to be a constant, namely λ nr = 1 (27) in the non-relativistic limit where the network is being conformally stretched, and
in the linear scaling regime. Firstly, we note that the two case I runs produce very similar results: significant differences can only be seen at late times. This is an indication that the resolution we are using is adequate for our present purposes. As expected, the network in case I becomes relativistic very quickly, while those of cases II and III start in the extreme non-relativistic regime and only evolve away from it fairly slowly, after they re-enter the horizon.
More importantly, there are two non-trivial observations to be made. Firstly, we confirm that there is a correction to the linear scaling regime. We find
which corresponds to to evolve in a linear scaling regime where
in agreement with the previous result by Press, Ryden and Spergel [17] . This means that the network is not straightening out as fast as allowed by causality. Secondly, the rates at which the networks in cases II and III approach the relativistic regime are different. One might expect this on physical grounds: if the network is stretched in one direction, then there are in fact different 'network correlation lengths' for each direction, and interactions between the domain walls will tend to occur faster along the directions with smaller correlation lengths, and more slowly in the others. Another way of saying this is that the network will only start evolving towards the relativistic regime when its larger axies has re-entered the horizon. Note that this mechanism also tends to make the domain wall network more isotropic. So one can naively say that the approach to the linear scaling regime takes longer in an anisotropic universe because the dynamics of the walls must accomplish two tasks (make the wall network relativistic and isotropic) rather than just one.
V. CONCLUSION
In this paper we have discussed a simple example of what we believe to be a rather generic feature of topological defect models, namely that they can easily retain information about the properties of the very early universe. This information is encoded in the scaling (ie, 'macroscopic') and statistical (ie, 'microscopic') properties of the defect networks. This is even more relevant given the fact that defects can survive significant amounts of inflation. Hence, they can provide a unique probe of the pre-inflationary universe. The two crucial scales in the problem are the defect mass scale and the epoch when the defects come back inside the horizon.
Specifically, we have discussed the role of domain walls. We have highlighted the existence of two scaling regimes for the domain wall network, in agreement with previous work [17] . Furthermore, we have shown that an anisotropic network re-entering the horizon will take longer to approach scaling than an isotropic one. Hence, if the very early universe had an anisotropic phase which was erased by an inflationary epoch, and if domain walls are present, then the walls can retain an imprint of the earlier phase, and this can have important observational consequences, eg for structure formation scenarios. There is also an important implication if at least one of the minima of the scalar field potential has a non-zero energy density, which is an anisotropic non-zero vacuum density. In a subsequent, more detailed publication, we shall discuss this scenario in more detail, as well as the analogous one for cosmic strings.
To conclude, we have shown that the importance of topological defects as a probe of cosmological physics goes well beyond structure formation. Even if defects turn out to be unimportant for structure formation they can still (if detected) provide us with extremely valuable information about the physical conditions of the very early universe. 
